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NATIONAL ADVISORY COMMITTEE FOR AEZRONAUTICS

ADVANCE RESTRICTED REFCRT

PROPELLERS IN YAW

By Eerbert S, Ribner

SUMMARY

It was realized as early es 1909 that a provwelier in
yaw develops & side force like that of a fin. 1In 1617,
R. G. Harris exprsesced this fcrce in terme of the torgue
coefficlent for the unyawed propeller. O0f several ot~
tempts to express the sile forsce dirscily in terms of th
shape of the blades, hovevsr, nons has been completely
saticfactory. An anzliveis u;st incosrporates induction
effects not adequately coversd in drevious work and that
gives good agreemant with axperims;t over a wids rangs of
operating condltﬂanu is nres “ herelin,  The present
analysis shows that the 1in 'ay e extsndad o
the form of the side-force ri and that the effec-
tive Tin arca may bs taten as tnb h*ouac ted side arsa of
she propeller. The cffective aspsct ratio iz of the
order of & and the apvrorriate drnamic prsssurs is roughly
thnat at the preopeller dlsk as sugmeoniaa by the inflow.
The variation of the inflow VplO“luV fcr g Tixad-piten
propsller, acccunts for most of the varilation of side

force with advance-dianmcter ratio V/aD.

The propeller forces due to an angular velocity of
pltch are also analyzed and are chown 1o be very small
for the pitching velocities that mey actually e reslized
in maneuvers, with the exception of the spin,

&
(@]

Further ¢ “Vl¢u10nu are: A cual-rotating propeller
in yaw develo up to one —third more gide iforce thasn a
single- rotmt;n” pronell A yawed gingle-rotating
prope¢lbr experiences a pi tc ning moment in addition to
the side force. The pitching moment is of the order of
the moment produced by s force equal to the side force,
acting at the end of a levar arm soual to the propellsre
radius. This craos—coupling betwesan vitch and yaw is
small, but possibly not negligible.
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A correction to the side force for compressibility
is inecluded.

INTRODUCTION

The effect of power on the stability and control of
alreraft is becoming of greater importance with increese
in engine output and propeller solidi ty. An important
part of this effect ig due to the aerodynamic forces
experienced by the precpeller under any dev1atlon from
urniform flight perallel to the thrust axis. The remaining
pert 1s due to the interferences between the o“opeller
slipstream and the o*her narts of the airplane structure.

A number of workers have considered the forces ex-
perienced by the orOHellﬂr. Tt was pointed out in 19509
(referencs 1), aprar 5 by Lanchester, that a propeller
in yaw develons a vonsxiw,able side force. The basic
enalysls was »ublished in 1918 by R. G. Harris (reference2),
who showsd that a DiuUbiﬁg moment arises as well. Glavert
(references 3 and ) extended the method to derive the
other stability derivatives of o vropeller.

-

Harris and Glauert expressed the forces and moments
in terms of the thrust and torgue coefficients for the
unyawed propeller, which were presumably to be obtained
exverimentally. The analyses did not take into account
certein induztion effects analogous to the downwash as-
sociated with & finite wing. It is noteworthy that with
a semiempirical factor the Harris equation for side force
does give good agreement with experiment (see reference 5).
Pistolesi (reference 6) in 1920 considered the induction
effects but his treatment was restricted to an idealized
particular case. Ylingemann and Weinig (reference 7)
in 1933 published an analysis neglecting the induction
effects; the treatment appears almost identicsal with the
account given in 1935 by Glauert in reference h.

There ha been several notable attempts to express
the side force di ectly in terms of the shape of the
blades. Rairstow (re*@renu &) presented a detailed
analysis in 1919 that neglected the induction effects
"igztal (ref ereneo 3) published an investigation in 1952
that did not have this limitation and that is probably
the most accurats up to the presant. Misztal's result,
however, is In a very complex form from the point of view
of both practical comnutation and physicel interpretation;
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there is, in addition, an inacﬂuracv in the omission of
the effects of the additional doparcnt mass of the alr
disturbed by the sidewash of the slipstrean.

Very recently Rumph, White, and Grumman (reference 10)
publicshed an QDRIVQLS thdt relates fhe side force directly
to the plan form in a very simple manner. Reference 10,
however, (1) does not include the ordinary inflow in the
analysis and (2) annlies “rqteady—l’ft taeo““ in an im-
proper manrier to account for the induction effects. As

consequence of (1}, the ecquations zre badly in srror at
high slinstream veloclities. As a econsequencs of (2),
the equaticns =il to predict the subs tawtﬂal increass
in side forcs that experiment chows 18 nrovidsad oy duel
rotation. The improper use of unsteadvy-1ift theory con-
sisted in using forrmlas that ¥ to the case of =
finite 2irfoil with zn essent ¥ voctilinear wake., The
vortex loops shed by the fint 2irfoil, vhich produce
the interference flow, ars distributed alorg this recti-
linecar wake. The norr:s)ori vortex looos shed by a
propeller blade in yaw, howev li¢ &long ths helical
path traversed by the blade. g interference flow 1s
quite different from the flow the case of & recti-
linear wake, In faet, 1t ca: shown thiat the vortsx:
loons shed during the unsteady £t alinse themselves in
such a way as to oroduce zn inflcw antisymretry. This
entisymmetry is one of the two induction effects that
will be deduced in the present analysis from momentum
consideratioecns.

To sum un, there are available no anszlysss bssed on
the blads shape that are sufficiently sccurate over the
whole range of nropeller operating corditions and the
enzlysis that Ig the most sccureste is not in a satis-
factorily simnle form. For this recscn a new method of
analysis is presented thst is an attempt at greater
simplicity and sccuracy. The present enalysis shows
thet the fin anslogzy may be extended to the form of the
side~-feorce exnression. The effective fin ares may he
taken a@s the nrojected side arezt of the nrcowseller and
1 . C s . .

The projected side arsa is T

blades on 2 pnlane through t 2l >

one cor two blades this ares varies with wimuth, but

the average velue is of concern hers. The average

projected side arsa is give: a close anxroxzmat*on

by ong-nglf the number of giies times the srea pro-
cted by & single blsde on a plene containing the

ole”e center line and the arxls of rota H
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the effsctive aspect ratio is of the order of 8. This
equlvalent fin 2rea may, with small error, be regarded
s situated in the inflow at the propeller disk and
subject to the corresponding augmented dynamic pressure.
The variation with V/nD of the dynamic pressure at the
propeller disk, for a fixed-pitch propeller, therefore
gccounts for most of the variation of side force with
V/nD.

SYMBOLS

The formulas of the present regort refsr to a system
of body axes. For single-rotating propellers, the origin
is et the intersection of the axis of rotation and the
plane of rotation; for dual-rotating propellers,. the
origin is on the axis of rotation halfway between the
planes of rotation of the front and rear propellers. The
X-axis is coincldent with the axis of rotation and directed
forward; the Y-axis is cdirected to the right and the
Z-axls 1s directed downward. The symools are defined as
follows:

D propeller diameter

St disk area (TTDZ/L;)

S wing area

R tip radius

r radius to any blade element

r, minimum radius at which shank blade sections

develop 1lift (Taken as 0, 2R)

x  fraction of tip raedius (r/R)

Xq value of x corresponding to To *-<1TO/R)
g ratio of spinner radius to tivn radius

B number of hlades

b ktlade section chord

c wing reference chord
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1

o) relative blade section chord

e
0'__B.....

D/o.75m
o solidity at 0O.75R é; ag!
A7
~

N\
v free-stream velosity
/5L
L2
/L + =& -1
. i

a inflow factor 6‘ /1 in apnendl.

8 2/

speed of sound in free e

a normel accelerztinsn

VB velocity comdonent in
of relative vwind et
stream rotztional veloct
VS slipstream velocity far behind nropell
nractice, 1 diam. or wore) [V(1 + 2
i
q free-stream dynamic nreossure =PVE)
2

fl(ﬁ) function defined in equatiosn (1)

tqfﬂ} function defined in eguation (2
- ( JE
oy

als
o

fia) g=fsctor

n o revolutions ner second
J advance-diamster ratio (V/nDd)

B blade angle to referance sohord




blade angle to zero-1ift chord

engle of blade relative to Y-axis measured in
direction of rotation

effective helix angle including inflow and
1 Va
rotation tan™+ —
Yo
angle of yaw, radians
sffective angle of attack of blade element (Bo = 9)
engle of sidewash in slipstream far behind propeller

nominal induced angle of sidewash at propeller

dislke

effective averase induced angle of sidewash at
propeller disk

sidewash velocity far benind propeller
alrplone 1Ift coefficient

blade section 1ift coefficlent

blade section profile-drag coefficient

e of blads section 1ift curve, per radian
.dcl/da' average value teken as 0.95 x a21)

ferce component cn a blade element in direction
of decreesing 9 (Ses fig. 1.)

thrust

thrust coefricient (T/pVEDE)
thrust coefficient (T_/pilaﬁi"!>
torqgue

torque coefficient (Q/pVEDﬂ
weight of airnlane

forces directed along positive directions of X-,
~, and Z-axes, respectively



L,M,N moments about X-, Y-, and Z-axes, respectively,
in sense of right-handed screw; in aspendix B
snd figurz 9, ¥ refers to the free-stream Yach

nunwber
Ma effective Mach number for pnropeller side force
(See appendix B.)
A', BY, Cf, D functions defined in equations ()
gty bt, ct, 4t integrals defined by eguations (21) and
{%0)
by, by Integrals defined by eguetions {(31) and (%22)
i . - 2 T e TS ‘.\; e 48 : 4 .'STT .
Il side-area index delined by equuation (4L1) 5 al
i
.. . s | /Z‘TT
12 integral defined by equnation (L2) bl
. \ z
T integral defined by eguation (13) /1 ~)
2 : \Lh
Lt defined by equation (2i4) (Zero for dual-rotating
pronellers)
o > Py - o
A defirzsd by sequetion (i} (Zero for dual-retating
propellers)
m defined by squation (LS)
k1 correction factor defined by sgustion {3])
kg sidewash factor defined by equotion (35)
kg - spirner factor defined by syuation (3%)
K constant in equation for k%
| : s
: . ceq s C oy
CY gide~force corfficient ——— 01
. '| PN
L2
\ VTS
o
c ! pitching-noment coefficient s
m l -'\']L:"C"
\G*
CY’ side-force derivative with raspect to 7aw (é U@ﬁa



c.! pitching-moment derivative with respect to yaw
Ty (8C," /0%)
\"m
OY' side-force derivative with respect to nitching
q OCy ' '
5/2R\
2v )
Cm'q pitching-moment derivative with respect to
‘ [oc, ']
pitching - !

S, vrojected side area of promeller (See footnote 1.)
A aspnect ratio
Subscripts:
0.75R  measured at 0.75R station (x = 0.75)

e . 22 s TS 1o .
c divided by V<D if a force, by pV<D’ if a moment;
designates quantities corrected for compres-
sibility in appendix B and figure 9

e effective

k index that takes the values 1 to B to designate
a particular proneller blade

max maximum
stall at stall

A bar over a symbol denotes effective average value.

ANALYSTS
Preneller in Steady Axial Flight

The section shown in figure 1 is part of a right-
hand propeller blade moving to the right and advancing
upward. The components of the relative wind are vV,
and Vgs where V, 1s the axial velocity including the

inflow and Vg 1s the rotational velocity including the
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slinstream rotation. The force component in the 4
tion of decreasing 06 1is:

dF = 4L sin ¢ + dD cos

T4 e, sin ¥ + ¢y cos ¥
= fvaabcu: L ~ do
sin= ¢

2

TN
= S v ar [1 ()] (1)

and the contribution to the thrust ia

dT = d% cos ¥ - &D sin f

11
L—-\
i}
N
-
(@)
o~
o)
D
m
N
]
(@]
OJ
'.1
2]
}mla
s
NS
.

1. p - B! M!
= 5V b dr | tlf./;’ E (2
. . s g NN
The equatfons may bs Alvided by (V5D to reduce
the terms to neondimensional Cforr. Tnaasmach ag Va:=VG:+aL

there resulte

.
di, = --—--—--.-—(l ):‘- a}t b

where
g - ap
co” 2.2
=N
am = __.E:LT_._.
e ® pwang
and
r
zZz 5
e
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Propeller under Altersed Flight Conditions

Force comnonents on blade element.- In equations (1)
and (2) for dF and dT, V, occurs explicitly in the
factor Vad and implicitly in ¢ and in terms depending
on 3 Vg occurs only implicitly in g and in terms

-1V
devending on # . The relationship is # = tan™t -4,

which can be seen in figure 1. By partial differentia-

tion, therefore, the increments in dF and dT due to |
any smell changes whatsoever in Ve and V, are, for

fixed blade angle,

§(ar) = 2dF) —g—d've + [é(dF) A(dF) é@‘j} av,

+
2y oV, oV, og ov,
end a similar expression for &(4T). The substitution
of equations (1) and (2) gives, when put in nondimensional
form, N
’~ o - ‘1
Ly (1+a)C D g of afl of of)
8(dF ) = ———— = ax | av dV
c L D 6 bv aq bv og
= 5t e X =)
(1 + a) b oy 1 2t _JZ ty
8(aT,.) = ~——— = dx | gV *——-FdV
e) = N D 6 ov, of v av ag
. 4
The following abbreviations are helpful:
~
A _ _Z °f )
v of
:_'- _ dfl ég éfl
Ve Vg éva oF
N
cr _ og 9% J (L)
Vg Vg Of
D 2tl S/ étl
= = +
.\lra \[a éVa é{
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where fl and tl are defined in equations (1) and (2),
respectivsly. Equations (%) become
\
2 7 av av
1 + 2)° /b c
8(dF,) = L“~7—~L' &“) At 7fi + B! f;g wax
s 'D r
Vo7 L e g
N /-
5 | )
(1 + a)” /o) / dVy dvy
6(dT,) = TR C' &+ DT wax
0.75R. a Vg J

Forces and mo erperienced by complete proneller.-
rguations {f) give the componesnt-Iforce increments due to
altered Ilight conditions on an element of a singleblade,divided
by pV2D2° The force and moment increments sxperienced
>y the comnlete proveller of B blades, with respect to
the body axes shown in figure 2, may be written as

kﬁg' R
X =-T= éz,ﬂd/ﬁ 5(4T),, (6)
%=1 Yo
k=B R
— \ / 1 K
Y >/ 5(dF), sin 0., (7)
k=1 o
k=R R
7z = ~ / ﬁ(df)l cos 9»{ (8)
k=1 “"To )
Moments:
}C"B_ R
Lo~ (=5) =-> r3(CF),, (9)
=1 Y7o '
k=] '
SR
M= J r&(dT)k sin 8 (10)
®=1 Y7o '
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k=B R
N=-~ - ré(dT)k cos ek (11)

k=1"To

where the subscript k refers to the kth propeller
blade. In order to obtain the nondimensional form X,

Vs 2, and T are divided by 2D2 to give Xer You 2y,
and T, and L, ¥, N, and @ are divided by pveD? to

give Lo ¥, N,, and Q- In the equations (6) to (11),
B(dF)k becomes é(dFC)k, 5(dT)k becomes é(dTC)k, and
r becomes % = %“ The limits of integration become

~ )
X, to 1, where Xy T E

Stability derivetives of propeller.- The analysis

up to this point has been of a general nature in that the
formulas are apnlicable, for a fixed-pitch propeller, to
any type of deviation from steady axial advance - that

1s, the formulas may be used to calculate all the stability
derivatives of a fixed-pitch propeller. In addition, the
formulas are applicable to those stability derivatives of

a constantespeed propeller that are not associated with
changes in blade angle. This restriction could be re-
moved, however, by extending the analysis at the outsst

to include a term in dg, -

A particular stabllity derivative can be obtained
by determining and substituting in equations (5) the
values of d%3/va and dv,/V, appropriate to’ the
motion under consideration. For dual-rotating propellers
equations (5) must be set up independently for both propeller
sections with signs approoriate to the respective direc-
tions of rotation, Values of 4V, /V, and av,/v, that

are average for both sections are ussd for each section.
Note that dVe is the change in the component of the
effective relative wind acting on a blade in its plane
of rotstion and dVe must therefore include the effect
of any changes induced by the motion in the rotational
speed of the vpropeller relative to the airpl ane.
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The possible unaccelerated motions of a propeller
comprise flight (1) at a steady angle of yaw, (2) at =
steady sangle of »itch, (3) with an angular velocity of
vaw, (L) with an angular velocity of pitch, (5) with an
angular velocity of roll, (6) with an increment in for-
ward speed, and any combination of these. It is clear
from the symmetry of the propeller that motions (1) and
(2) are similar and motions (3) and (L) are similar.
Accordingly, of the six possible deviations of a pro-
peller from a given mode of steady axial advance, only
four are distinct. These four may be taken as angle
of yaw V¥, angular velocity of pitch q, angular veloc-
ity of roll, and increment in forward velocity.

Glauert has shown in reference % that neither yawed
flight nor flight with sn angular velocity of pitch,
when these disturbances are small, changes the torque on
the propeller. Accordingly, neither mode will tend to
change the rotational velocity, and derivatives with re-
spect to yaw or angular velocity of pitch are independent
of the rate of chenze of engine torque with engine revolu-
tions. Furthermore, results for these derivatives ob-
tained for a fixed-»itch propeller are egually applicable
to a constant-speed nropeller because the constant-speed
mechanism is not brought into operation.

Both angular velocity of roll and increment in for-
ward velocity clearly affect the torque of the propeller.
The engine will attempt to alter its revolutions fto attain
an equilibrium value. Tf the propeller has fixed pltch,
the adjustment will take place and its amount will depend
upon the law of variation of engine torque with engine
revolutions for the particular engine used. (See refer-
ence 3%.) If the propeller is of the constant-speed type,
the pitch-change mechanism will attermpt to alter the blade
pitch; the resulting change in aerodynamic torque opposes
the change in revolutions. The fluctuations in rotational
speed and the associated variations in aerodynamic torque
and thrust of the propeller are then functionally related
to the law of control of the pitch-change mechanism and
the dynamics of its operation. (See reference 11.)

The »resent report will be limited to a study of the
effects of yaw and of angular velocity of pitch. In the
following sections dVe/Va and dv_/V, are evaluated

for yawed motiomn,



Propeller in Yaw

Ratio 4V, /¥, for yawed motlion.- The increment dVg

is thevéomponent parallel to Vy of a side-wind velocity
computed as follows: The veloclty Vg, 1s regarded by
analogy with wing theory as passing through the proneLler

disk at an angle V¥ - ¢ to the axis, where V¥ 1s the
angle of vaw and ¢ may be termed the "induced sidewash

senzle" (fig. 2).  The side-wind velocity, for small
values of botn ¥ and €', is accordingly Vg(¥y - €').

he uldew .sh arises from the cross-wind forceés.
These forces are the cross-wind component of the thrust
T sin ¥ and of the side frorce known to be produced by
yaw Y cos V. (see fig. 3.) The analysis 1s restricted
to small V; these components are then approximately TV
and Y.

If the sidewash velocity far behind the propeller

is v the induced sidewash st the propeller may be

vl d
taen as vy/z by analopy with the relation between the
induced downwash at a finite wing and the downwash far
behind the wing. Note that 1 dwametor may be considered

"fart behind the nropeller as regards the axial slip-
stream velocity; 95 percent of tnp final inflow velocity
is attained at this distance.

As a first anproximeation, thrust and side force are
assumed to be uniformly distributed over the propeller
disk; corrsctions due to the actual distrioutions are
investigated 1In appendix A. Under this assumption the
HOmen t.a theory, sunported qualitatively by vortex con-
siderations, shows that the slipstream is deflected side-

wise as a rigid cylinder. The sidewise motion induces
a flow of air around the slipstrecam as in figure L. The

trensverse momentum of this flow is, according to Munk
(reference 12), equsl to the transverse momsntum of an-
other cylinder of air having the same dismeter as the
‘slipstream at all points and moving sidewlise with the
same velocity as the slipstream boundary. Note that the
air within the slipstream has a greater sidewise com-
ponsnt of velocity than does the slipstrgam boundery.

Far back of the nropeller the ratio is 7? =1 + 2a.

The time rate of change of the transverse momentum of
the air flowing at free-stream velocity through this

second cylinder should be included in setting up the

momentum relations for the sidewash.
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By equating the cross-wind force to the total time
rate of change of momentum,

ne /V 2 v
™ + Y = -'CVa I‘.l:.._.. v+ oV ‘..é D= — V:y'
LA Ts L/ \vg b/

to the first order in V¥, where the first term on the
right is tihe contribution of the slinstream and the
second term is the contribution of the air displaced by
the slipstream. On dividing by pVaDd and using the
relations Vg, = V(1 + &) and V_ =V(1 + 2a),

-

v§/2 - % (Tov + ¥.)
a (1 + a)a 1+ —“--—“—§]
H (1 + 2a)°]
o (':'

vhere €' 1is the induced angle of sidewash at the pro-
reller. Glauert (reference li) deduces almost twice this
value et small values of a by neglecting the reaction
of the alr displaced Ly the slipstroam.

It wae shovn earlier that the gffective side wind

in the plane of the vropeller is Vo(b - ) and dv@
is the -component narallel to Vg3 that is,

dVé =V (U - €) g1in B (13)

Tlé value of €' from equation (12) may be introduced

end the relation = T, = a(l + a), from simple momentum

theory, may be used to eliminate Ty There results
& [, "o} 511 6
— f a Y - f [ — P .
’ .\-Ta L c\) l('a)n (1 - a)z (153)
where

f('t\) o {] + a) !,(1 + a) + (1 + 28)2_J
1+ (1 + 2a)%

(1L)
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and

r (e = 2(1 + 2a)2

- (15)
1 1+ (1 + 2a)“

Ratio dV, AV, for yawed motion.- As V, = V(1 + a)
for unyawed motion, the changes produced by yaw are

dv av da . &
T T T T Ty (16)
Vé ¥ 1 + a 1 +.a
WE
if av/V, which is -cos ¢ - 1 = S is neglected as

being of the second order in V.

In order to evaluate da, figure 2 is first con-

sidered. The comoonent of the effective side wind in
the direction opposite to the blade rotation is
dVe = va(w - €') sin 6. This component acts. to increase

the relative wind at the blade, and therefore the thrust,
in guadrants 1 and 2;-it acts to decrease the relative
wind, &nd therefore the thrust, in quadrants 3 and L.
More exactly, the change in thrust due to the side wind
1s distributed sinusoidally in 8. It is clear that
this incremental thrust distribution by its antisymmetry
produces 2 pitching moment.

Yomentum considerations require an increase in in-
flow in quadrants 1 and 2, where the thrust is increased,
and a decrease in inflow in quadrants 3 anc h, where the
thrust is decreased. The variation should be sinusoidal
in 9, and the sssumption that the variation is directly
proportional to the radius is sufficiently accurate for
computing the effect on the side force. Such a represen-
tation is illustrated in figure 5. The analytical ex-
pression is '

dv = Yda

kr sin 8 (17)

where k 1is a constant tec be determined. Applying the
momentum theory to evaluate the pitching moment M in
terms of the inflow modifications produced by the pitching
moment gives
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.}

R 2T
M =L/ Jf pv e dg dr r sin 8(2 dv)
o Jo

By substitution of the relation for

=)

- P 2w
M = 2k pva‘/ﬁt/ r? sin®§ dg.dr
o Vo

Tpon integration,

o
™

whers

nr
nT

e

but, by eduations

1AV

(1 + a)nR

W

(1L6) and (17),

1

Va 1 + g
kr sin 8
= - (1 + a)
v
or
dvg, 16MCX: sin §
Vg (1 + a)e w
where
X
TR
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dv,

(18)

Summation over hlade index k.- The component-velocity

increments due to

sections as

yvaw nave been obtained in the preceding two

i

E {f(a) - £y (a) Lo i

(1%a)
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dv /1 6
l L O L
a = = ﬁC sin ek (18)
v (L + a)< T

a

where the subscript % has been addsd to refer to con-

ditions at the Iktth propeller Dblade. These values of

dve/'ve1 and dv,/V, may be substituted in equations (5)
to 7yield values of 6(ch) and G(dTC). The valuss of
ﬁ(dFO) and 6(AT, thus found may be inserted in equa-
tions (6) to (11), which give the several forces and mo-
ments the proneller might conceivably experience.

The sumrmations over Xk indicated in equations (6)
to (11) affect only the factors involving sin ek and
cos 9?‘ The several factors are, upon evaluation,

k=3 %?E.
ZZ_, sin 6, = Z:__sin ek oS ek =0
k=1 =
1f BT 3,
k=8 a
; 511'12 6,{ = =
k=1 <
If B=2 or 1,
k=7
; sin® 8, = E(l - cos 26,)
A k z 1
k=1
but the average over 8§ 1is B/2.
. . 1,.:3.
The nonvanishing factor j;mfsina 6, occurs only
k=1
in egquation (7) for the side force ¥ and in equation (10)
for the nitching moment M. mhe other hypothetical forces

end moments that mi
all zero.

)

.t be produced by yaw are, accordingly,
T O e
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"hen the relation

k=3

is used, equations (7) and (10) hecome In nondimensional
form

) Yo 16
fla)v - fl(a) —i}A'+';r N B’ﬁjqxdx (19)

: 1
_3 b)
Y. == (=
¢ 9o (D 2.75R% 04: u
f’ Yo 16 Q[_
ZN% ( ) u/n f(a\w - f (a) 2 A - M.D'x /g ux dx (20)
O.15RVX j

For simplicity the following additional abbreviations

are introduced:s
b
c‘:B(-]S_)
0.75R

1 :
J/ﬂ wh' dx
X

o)

-

2=

at =

™ (21)

1 : 3
d/ﬂ p(=B')yx dx 4
x

0

o
i
2+

1
U/ﬂ g,'x ax

X

1

1 1) 52
ar = w(-D1)xc ax
-/ )

X
0

Q
1
2+

=y

where the signs have been chosen to make a', b', c!,
and d' positive gquantities.
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Solution for Y, and M, Tfor slingle-rotating

propellers.- With the preceding substitutions, equations
(19) and (20) become

_ mo! (~ ch 16
YC = —é—ii:;(a)w - fl(a) :E_ a! - - M. Db! (22)
~ v
2y = Egl\ f(a)vy f fl(a) 7% ct - ié Mod!

c 8 L T
These are simultaneous linear algebraic equations

in Y, and M. The solution for Y, 1s, after

17

simplification,

£(a) o éﬂ - _ﬁgﬁl%La
v = I, 1 + o'd

¢ 8 1 + o f1(8) gt - _9'b'ct
8 1+ ¢'d

which may be written in the form

v =T _-f(a) orar . (23)
Y == F

c & a' 1(a) orar

a! - A'
where )
~ O'btet

! =& —— -

A 1 + otdr (2l

Numerical evaluation shows that the denominator of equa-
tion (23) does not differ greatly from unity; therefore,
Yc is roughly proportional to a'.

Similarly, the solution for M, 1s
f(a) o'e!

1 =
o

ot

v m
E3-+ o' fl(a) a(J (1 + o'dr') - 0'2fl(a) bre!
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which may be put in the form

oo fla) m
I\/JC - 'S'\L/ fl(a) (25)
1+ —=— g'(a' - A")
8
where
1 1
m = oc (26)
2(1 + ¢'d")

The relative magnitudes of the quantities are such that
MC is roaghly nroportional to c'.

'Solutfon for Yﬂ anl N_ for dual-rotating pro-
ol

S

rotabwng J”OOQLIB S with dual-rotating propellers the
asymnetry of the ¢&islk loading, which for a single-
rotating »nropeller »nroduces the pitching moment due to
yew, is oopositely dirposed over the front and rear sec-
tions, The rv“ultanf cver~all disk loading, therefore,
ie almost symmetrical and gives rise to a negligible

° ",

pitehing moment - that is,
M. = 0 - (27)
The induction effects assnciated with the respective

disk-loading asymmetries ot the front and rear propeller
secticns very nearly cancel even though there is a finite

senaration between the two sections. This fact, which
niay be regarded as a consequence of the relation (27),
is represented by putting M, = 0 in eguation (22).
The result..is
I f{a) ora’
v = -‘\V (al ~
c & 1 (2G)
1 4+ — f.(a) oat
a "1

This equation differs from equation (2%), which
&

apniics to siprle rotaetion, in that unity replaces the
3 o ; a! . .
larger quantity T in the denominator. The

a ' -
silde-force coetficlent VYV, 1s therefore larger in the
case of duwal rotaticn. wWith data for conventional
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propellers, the increase averages about 18 percent and
reaches 32 percent at low blade angles.

The increase in side force is due to the lack in the
dual-rotating propeller of the asymmetric distribution
of inflow velocity across the disk which, for the single-
rotating propeller, is induced by the asymmetric disk
loading. - The inflow asymmetry is so disposed as to reduce
the change in angle of attack due to yaw on all blade
elements., The behavior is analogous to that of downwash
in reducing the effective angle of attack of a finite
wing.

The inflow asymmetry is not the only effect analogous
to downwash in wing theory; the sidewash of the inflow is
another such effect and serves to reduce the side force
still further. Sidewash i1s, however, common to single-
and dual-rotating propellers and affects both in the same
way. £n examination of the steps in the derivation shows

that the term % fl(a) o'a' in the denominator, the
absence of which would increase the value of Yc’ is due
to the sidewash.

Equations (23) to (28) give the stabllity derivatives
of single- and dual-rotating propellers with respect to
yaw, but the results are not yet in final form. There
remain the evaluation of a', b', c¢', snd d' and the
introduction of a factor to account for the effect of a
spinner and another factor to correct for the assumption
of uniform loading of the side force over the propeller
disk.

Exnlicit representation of a', b', c¢', and d'.~
Equations (21) show a', b', ¢', and d' to be integrals
involving the functions A', B', C', and D', respectively,
which are defined in equations (L) in conjunction with
equations (1) and (2). The gquantities A', B3', C', and
D'  are,upon evaluation,

Al

il
o

sin @ + c, cos Z (29)

(sin # + csc @)

BY

i
‘ .
——



N
-1
P

=21t

c' = ¢ cos # - c, (sin @ - 2 csc &)
/ A a 1

2
cos
D! = - 4: - ;ﬁ ~ ¢, cos @
\\Za gin 0 l
if terms in the coefficient of profile drag ca are
0
neglected as being small in comparison with the terms
in Cy - Trhie neglect of ¢y 1s valid only for values
o a o)
of @ mnot toc near 0° or 90°.

/

From figure 1, 60 =7 + a. Then, for a 1in the
unstalled rangs,

sin 8, = sin # cos a + sin a cos @
=singd + a cos @
end
2 oY o~ ) 4
c, sin g ®*c, singd + c, a cos ¢
A 0 JA 1
a a a
=c, sin F+c. cos g )
a

the right-hand member of which is just A' in equation (29)
This relation onrovides the important-result that, although
both @ and c; depend on the inflow, the slipstream

rotation, and the value of V/nD, the function A' is
independent of these guantities and depends solely on the
geometrical blade angle BO. This relationship leads
directly to the interpretation, to be established presently,
that the effective fin area of a.propeller is gssentlally
the projected side ares.

The intrsduction of B does not succeed in similarly’
eliminating 2 and ¢, from B', C', and D' but does
result In a simplification in E' and C'. The summarized
results are, to the first order in a, with D' 1left
unchanged:
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A = =3 sin BO
a
B! = -<}7 cos ﬁo - cZ cse %)
a
' =
C cla cos B, + 2¢, csc ¢

]

. 2 )
bt = —(é cos” g c, cos &
. Lo sin ] l

The integrals (21), in which Aty B', C', and D!
oceur, must new be evaluated. Upon substitution,

c, 1
a't = “#gu/ﬂ g sin Bodx B
%o
“1, Al | 1l
— -._.g_ ~ oK
b= U/ﬂ kX cos B dx - ;u/ﬁ uxe, csc g dx
Zq . X,
o, L > 0
‘a 2 - .
et = — HX cos dx + = HXC_ csc O dx
v / HX BO 17’/ i “’L ):5
}xo XO

1

c 1 _
2 2 anal 2 -
L BEZ cosc g . Tlg 2
é - o 4 dx - —= BX<a cos & dx
: 'XO XO . ‘J

where
" b

O.75R
and Db is the hlade width. -

Evalustion of  a', b!, and o'.- The integral a

is already in 1ts simplest form in equations (30), as is
the first integral of b', which is identical with the
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first integral of c¢!. If the first integral of b!
is defined as bl’
~
b! = b1 - b2. .
/ (31)
't =
¢ bl + 2b2 B
whe re
e, 1 N
by, = —;ﬂu/ﬂ ux cos B dx
Xy \
: / (32)
1 -
b2 = Fu/p uxc, csc @ dx
Xo .

In the attempt to evaluate b2 it was found that,

if the blade section coefficient of profile drag and the
rotation of the slipstream are neglected, the thrust
coefficient is

- T
C ‘WZDa

1l + a) mwo!
J/ ( ) pxe, esc g ax

3

where

If an average value of 1 + a over the disk is used,
1 + a cen be taken from under the integral sign, end

g b
o' 7 (1 + a)

But, by the simple momentum theory,

2 .
¥ T, = all+ a)
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Therefore,

A greph of the variation of 2a/m with Tc is given in
figure 6.

Anpreximate evaluation of d'.- The contributicn of

1

¢ 1 ¢
4 . 2 o 1.
X
o]

sin g
x
O .

to Y, is small, It is found, by using the largest

value which a may have without causing stalling of
the blades (about 1/L radian), that the second integral
can be neglected, with the result that

c 1
g1 = _lg_//’ > cos® ¢
= HXE —/—= dx
™ Ve sin o
e

Note that @ involves the inflow velocity and the slip-
stream rotationsl velocity. These velocities, if assumed
to be constaat cver the proveller disk, may easlly be

related to Tc and &,., respectively, from momentum
(3

considerations.

Curves of d4' have been computed for a typical plan form
(Hamilton-Standard propeller 2155-6) and are nresented
in figure 7. This chart makes use of an altered notation
introduced later in ths report; thzs ordinate is the
quantity

T_:ﬁd'

3L

and a parameter is the solidity at 0.75R,

5 - _5(9>
5T \P/y 757

[
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e

The gbscissa is V/nD. The error in computed side force
due to using this chart for plan forms other than the
Familton- Standard 2155~-6 should be negligible. The
chart is not sufflclently accurate, however, for precise
computation of the pitching moment due to yaw.

Correction for nonuniform distribution of side force.-
The induced sidewash angle ¢' as calculated in the
Tforegoing is based on uhe assumptions that the thrust
and the side force are each uniformly distributed over
the propeller disk. The error in effective average
aidewash due to the assumption of uniform thrust dis-
tribution can be shown to be small; the error due to
the assumotion of uniform side-force distribution is
appreciable. The effect of this error on the computed
side force is small, but not negligibls.

The side force is actually distributed over the
propeller disk nearly as the nroduct of the integrand
of the most important term in the side-force expression &
and sin® 0. The integrand of a' 1is »rovortional to the
blade width times the sine of the blade angle, which
tends to be greatest toward the blade roots due to the
twist, and sin€ 8 has maximumsat 6 = 90C and 270°.
The side force is therefore concentrated near the blade
roots and along the 2Z-axis. In calculating an effective
averags of the part of € due to the side force, this
distribution of the side force is taken into account Dby
using in egfect the integrand of a', which is 4 sin (3,
times sin® @ as g welght factor. The detailed treat-
ment is given in anvendix A. There 1s obtained for the
effective average of the induced sidewash angle

o = (Tcw + kﬁc) ]
€ - ) 1 - (/3)
(1 + a) 1 +

(1 + 28)°

where

|.Jo

(u sin QQ* dx

X
X
0

1
U/ﬂ g osin fydx
%o
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1s a correction factor derived in apnendix A. If e
is inserteqd for €' in the analysis for side force and
pitching moment, the corrected forms of equations (23)
and (25) are, respectively,

f(a)o'a!
v, = Iy L)
- = + k oral
al ‘. L‘\! a
v o= EW f(a) m

8 1 +,0 (ar - ar)
where the abbreviation

{
fl\a) k

k, = 11
O /nl i
© (p sin 3y
‘ ‘/XO H % dx
= yle): (35)
1 2
g L/ﬂ i osin g dx
X0
has been used. The factor k, may be called the side-

wash factor,

Correction for augmentive effect of spinner.- TP the
spinner-nacelle or spinner-fuselage combination has g
fairly large fineness ratio, the circunferential component
of the side wingd is speeded up in Pas2ing around the blade
shanks (fig. 8) by approximately the factor

2
X

s
1+K(—f)

whers
svinner radius
X
R
. K constant (1 for fineness ratio o; 0.90 for fine-

ness ratio 6)
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Mo
No)

This local increase in side wind is equivalent to an in-
crease in the anpgls of yaw ¥ in the same ratioc. Thus
at racdius =xR the effective angle is
o
1 %)
! Y = 1 + K i
b (x) . ]
Ve ( \ ] “\%) |
The effective average yaw over the Aisk V. 1s obtained

tiv
from the sonsideration that 4dY,. 1is n;arWy proportional

to the integrand gy
Ltporoximately, thersid

(&)

n B of the dominant term at.

<
o
i
W
€
C\\?J
r"‘:—z
.
=3
/\
d
N
o
=
n
[N
jn]
@™
o
»

where ' 1is a constant. Accordingly,

1
O X 2
w/ |=) & sln géax
s ~ g (&
U Uy o K ’
< o) ,
— = 1 % = (26)
W /ql -
y g sSin ax
%5

40

Leccording-to this result, if the provcller is
equiored with a sninner, the or€V10431y given expressions
for side force and nitching moment should be multiplied
by the constant k_, which may be termvd the "spinner
factor.? The vallie of k is of the order of 1.1l and
varies slightly with oblade angle.

Wew definitions. -
certein nsw definitions
equations in better form.

Tt is worth while %o introduce
at tbis polint to put the final
The original definitions were
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chosen solely with a view toward clarity in presenting
thie derivation, The principal change 1s the replacement

of
\
o' =B (%)
0.75R

which is vronortional to the solidity at O0.75R, by the
actual solidity at 0.75R

0 = = O!

_ LB (z)
= 57 \D — (37)

This change entails replacing all tre integrals occurring
in tke equation by 2w/l times the former values. Thus
a' is replaced by Il, bl by 12, d' by I%, and A' by A,

where

a!

=
}._J

il
3

-1
I

-
|

N

B
it

X
L
-3
L0

L

: In addition, the following definitions are intro-
duced:

N
0T -~
hvd qsg

-~

O

= — Y

) s

AC+!

Cy! = —b
oW

s
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SN
]

and
A
C P e
m gne!
o
6]
= - M
v (6]
3y
c,.t = -

nlw oV

where the vropsller disk area

The symbols ;' and C4' have besn so chosen in rela-

tion to the conventionel side-force and vitching-moment
coefricients of an airrclane Cor and C,, that con-
, Yy y

My
version is obtained through the relat’ons

Cy = o
..',\y qb
S
= C..1
< Vo
[ X V
N2
o = SilV
\JM e
;‘“‘lf \;.‘;S
S' D
= — =t
S ¢ My
where S 1s the wing ares and ¢ 1s the wing refer-
ence chord. Hote thzt in all the foregoing V¥ is

measured in radisns.

Correction of side force for comrressibility.- It
is showvn ‘un aopvendix B thah a first-order corrsction for
comdrecsibility 1s obtained by 2ividing the side force
by i - ¥,%, where 1, 1s related to the streem “ach
number M and V/hD by the curve of figure 9. The
correction is valid only below the critical Mach number
for fthe sropeller.
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summarized effects of yaw,- With the new definitions,
the side-force derivativs for a single-rotating propeller

1ls

N Y
Yw as:
v f(a) oI, -~
@t - (38)
e I e |
T o A a1
-l [AN

and the side-force derivative for a dual-rotating pro-
reller is

1 ped _QX.__../C\JW

ko f(a) oIy

+ 1 oT
1 Ka

i

(39)
1

a single-rotating nropeller the vitching-moment
e 1s

Ay = OMAY
Ty gDs!
ky f(a) m
1 + k.0 (1, - 4)
) =% 4

(1,0)

and for a dusl-rotating propeller the pitching-moment
derivetive is nsgligivly small.

The side-force derivative may be corrected for com-

pressibility by dividing by /1 - M_2. The same cor-
rection may be apnlied to the pitching-roment derivative
but with less accuracy.
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The quantities involved are:

Spinner factor

b
”
1
—
+
\N
[ORY
g

Sicewash factor

in2 Br dx

:‘\\J
l__
-
Mo
)
N

where
(1 o+ 28)°
flfa) = -
-~
1+ (1 + 28)°
Inflow factor e
& a 2 "
I+ g o= -
't C ~ A
q =
c
g-Tactor
I‘ i
P N
£la) = (1 + &) {(1+a)+ {1+ 28)7 ‘
' - ) (1)
L+ (3 + 22)°
Solidity &t 2.75R
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1
I, = ey f 4 sin B dx (L1)
a‘}
X5
.
Z AT :
= = ! 3 2
12 A cza 1 cos Py X 4x (42)
X0
efe, [ e 2ELRa u
Y sin #
o
(GI - J-2—§> (GI + 2J-2-?:)
_ 2 ) i
A= (Lh)
co(l + oT.)
2
. 28
ol. + 2J=—
2 v
m = (45)
2(1 + oI.)

and in equation (3%6), for a necelle fineness ratio of 6,
1

K =2 0.90 and, for a nacelle fineness ratio of o K = 1.00.

The charts of figures 6, 7, 10, and 11 are provided
for determining 2a/m, I,, fla), and f,{a), respectively.

-

gs and A.- To the degree

in which comparison with existing experiments establishes
the accurscy of the side-force formulas - about %10 per-
cent average error - it is sufficiently accurate to use
the mean values C.L for k, and, for the usual-size spinner

Required accuracy of k., k

(xg = 0.16), 1.1k for lg. To the same accuracy, the
terms in J may e omitted from 4, &and I, may be set
~

equal to the average value 3, with the result that
2
ol
A S
1 + %0
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Availability of charts of side-force derivative.
In reference 17 is »nresented an extensive series oi charts
computed from equations (%) to (L) for two conventional
pronellers. The derivative QV' is given as & function
W
of V/nD for blade angles ranging from 15° to £0° and
for sclidities from two blades to six blades, with single

rotaticn and dusl rotation. Tn reference 1l is presented
a method of extranoiation whereby this set of charts may
be ussd for determining o for all conventional pro-

3

F)

pellers without resort to the original eguctions (35) to

(L) .

Pitehing-moment derivative.- 3y numericel evaluation
of sguation (L0} the pitaning morent of a single-rotating
progellel in yaw 1s Tound to be ¢f the order of the mowen+
nroduced by & force equsl *to the zide force acting at the
end of a lever arm GQual td the wro sy rediuas, This
mement is heas retofore been neglected in sir-
craft stan? Mote that *the effect i3 a cross-
coupiing be »iteh.

The Auel-rotating proncller &ovelops no plitching
moment.

Propeller Subject to sfnpgular Velcecity of Pitch

fiatio ‘b/Wa for angular veloecity of »itch.- The
angulgr velocity of nitcn mekes no direct contribution to
the rotational velocity in the vlane of the propeller
disk Ve. Tt ie known from Glsuert's work (reference 2),

howav\r, th

that &l fc"lt
The change

part of the
is obtsined

where
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Ratio av_ /v,

for

enguler velocity of pitch.,- The

direct increment,

Vg 1s gr sin 9.

dus to pitching, in the axial veloclty

The induced increment due to the afore-mentiored

pitching moment s, by

equation (18),

Vg cX
= . sin 9§
(1 + o) T

The total increment dVv,. 1s the sum of the direct and
the induced increments. Therefore

av ein Dx 16“4- X

= =08 5 [ (1 + a) 1%, = (L7)
Vg (1 + a) AY T
Expressions for VC and Mé.— Unon introducing the

equations (1t6) and (L7), tae equations that result here
in place of equations(1G) and (20) for the propeller in
vaw are:
ll(’ ) v 7 r . N ’W '\
31 /b R ‘ 16 x
Yc=~)-- - J -f(a;——‘isﬁ'+ (1+a) EB:JE-:»--—-Q— B' > pdx
2L \p S ™o .2y m
0.758¢, 1L - L -
o |
- -
— _ N ™ >(LL8)
31 (b ! J I v, | px 16ifx
M o v ks & \
A o f&l-f,(a)—s—‘C'+ (1 +a) 22X LD uxay
2L \p) . LTl v Tey oW ‘
UT5RY _ L : -
"“O \_, S J
Solution for ¥, and M,.- 3By using the abbrevia-
tions of equations (21}, eguations (L3) become
TGt { Vo !' an 163»4,-._! 1
Y, = — <=-f (a) = a' -« ;1 + g) 2 2| b
c & (L 1 ] z oV b ’! J/
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.
mat | Y 161
em, = l: S -f (a) =& o1 - (1 + a) ao ctrar;
g + 71 it 27 o
L
which are simultsnenus linear algebraic equations in T,
and ¥,. The solution for Y, and . is, after
] c . c
gimplification,
D r ol - =2
¥,= -3 14+ a) I -
’ <y S ERS L Y| (1
—Te - ( +c -
1 5 1 =8 Ij)
fl(a)
1o+ = oI
e O 1 fi(a)
Lo - ——
- .9 y M 3\ 1+ olz 8
I‘,’Fc—---;-;;(l+a,~—/
< 1o b (a)
1+ ~~1.§~- o(I, - A)
8 1
Side-force derivative O and pitching-moment

derivative C.' .- side-force and nitching-moment de-

rivatives may he definsed as follows:

Gt =
7 ¢ -
1 .L'VZSv
2
2a
¢l, -~ J=—
= - (1 + a) 2 T
r' £, (8)
{1+ ——— o(I. - &)| (1 + 0I,)
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oM é(@\
c.! - -- MY
m .7 P lna
q 5 D3!
// + T
8 °*1 1(8)
_ 1 +@ 1 + oiz R
- 2 fq(a)
1+ g O(Il - A)
where
2
§!' = E.‘..Q..
L

. Rougk approximations may be obtainzsd by omitting the ‘
induction terms - that is, the terms due to sidewash and
to inflow asymmetry. There result

o, ™ - (1 + a) 0T, (L9)
Y g
cT .
C.' = - {1 + a) -3
mw. q * 2

Somperison of tnzle of vaw with angular veloczity of
nitch to nroduce same side force.~ To the same rough
apnroximation as eguation (45},

Cy' = f(a) x oly

f ¥ tn qD/2V to produce the same side
r
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1D/2V c.!'

u

H
o

This retio is of the order of unity.
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(50)

tainable side force due to pitching.- The

coeflficient due to pitching
for a given blade-angzle setting, when ¢D/2V
maxirum. Vaximum qD/2V  in unstalled flight

OO T
e
o
[¢]
oD

occurs,

is a

is de-

termined by the maximum normal acceleration that the air-

ylane can develo which is determined by the maximum 1ift
P s

coefficiant. The normal acceleration is

fong A
2, qV
from which
gD _ anD
P —
21 2X/C

£t 2 given sneed the maximum normal acceleratio

could be realized at the top of an inside loop.
retation is

ot
T
‘

=
o
=
4
i

Downward 1ift + Weight

(51)

I a
n
niax

The
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or
a oy
Drax - anx_+j; g (52)
v2 2W/S ve

2 :
The value of a, /J“ is greatest when V 1is least,
max

If the discussion i's limited for the oresent to the
minimum speed for level flight Vqtall’

C
P Lmax - L

. 2
2%/3 Votall

From equation (52),

Tmax _ _ 2g
2 2
v Vstall

and therefore, from equation (51),

8. o
- = 5
Y max  Vetaln

A practical upper limit to (qD/av)rax at the

stalling speed would be afforded by a hyﬁothetical fighter air-
plans having the following characteristics:

Vatarl = 75 mph
= 110 fps
D =12 ft
Then (@)‘ . _ 2,..2 x 12 |
2V /) msx (110)°

= 0.032



By equation (50) the angle of yaw, in radians, that would
provide thes seme side force is approximately

k. T 2V
sl max

If a minimum blade angle of 15° at stalling gpeed is
assumsa, the ratio Iq/%sIl is 1.13 for the reprecsentative

[ A
Hamilton Standard nropeller 3155-6. Therefore, (qD/ZV%aX

4

would be equivalent in producing side force to an angle

of yaw

The resulting side force would be guite small.

Meny times the preceding velue of (qD/EV)A is
. max

obtainatle duriv the spin, which involves wing stalling.
If the spin is exnlhdeu from consideration, therefore,
the general conclusion to be drawn from the example

is t’at even in an extreme maneuver the side forsce due
to rete of pitching is very small &aad in all ordinary
maneuvers this side force iz negligible.

j=ie

Faximum obtalinable nitching moment due to pitching.
The preceding data, when apnlisd to tne piltehing moment
due to nitching, indicate that the mazimum obtainable
pitehing moment is of the order of the product of the
pr00611rr diameter and the maximum obtainable side foroe
due to nitching. The general conclusion about the side
force implies that the pitching moment due to piltching
is small sven in en extremc mansuver, with the exception
of the spin, and in all ordinary mansuvers is negligible,

194

o

Forces due to angular velocity of vaw.- Angular
velocities of yaw attalin magnitudes of the same order as
angular velocities of »nitch. The forces
due to yawing are, like those dus to nitchi
except in the snin.

N a propneller
ng, negligible
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PHYSICAL INTERPRETATION OF PROPELLER IN YAW

Concept of projected side area.- The area projected

by a »ropeller blade on a plane through the axis of ro-
tation and the axis of the blade is
R
A
/ b =in By dr
Ll! 1"‘
0
The average area projected by sall the blades of a rotating
propeller on any plaene through the axis of rotation is
the projected side erea

R
) Y. 4
Sp =3 d/‘ L osin B34 4r
ry
where B 1s the number of blades. From this relation,

it can be established that the nrcduct oI
pressed as

| may be ex~

Sp :
0l, = ¢4 v (53)
a ~ '
2
ﬁ -
where S' = J=_ 1is the proneller disk ares, Thus 07T

1’
which figures so prominently in the expressions for the
side-force derivative 0C.' , 1s proportional to the

AN ,‘b,
projected side area of the propeller. Ir. reference 1%,
I, 1s termed the "side-area index."

Effective fin area and aspect ratio.- Inasmuch as

Da/&3 is the aspect ratio A of the projected side
area S,s 1t 1s also true that

~
o

(54)

cZOL
ol = —=
1 21

23 [o8

Substitution of equation (53) in the numerator and equa-
tion (54) in the denominator of equation (39) gives for
a dual-rotating provneller
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c Y
_dVAN la
s c ,
, fle) a 55 1o+ ok, (—2 8
-{x\ v A
\ (55)
4 . >
bYL{_é_\y__.ﬁ ~k ....._.7.:9__.
P e s
fta) q Sp 1 +»§
A
,

as  k, x0.L on the average and

For comparison, the corresponding expresslon for an
actuel fin of ihe same area and aspect ratio, at which
the leocal dynamic pressure is f(a)g,is

©y
SY /S _ a

fla) a8, 1 +

(56)

e [P0

when the 1lifting-line form of aspect-ratio correction is
used. By omitting ks’ which merely accounts for the
favoravle interference between spinner and vropeller,

equation (55) can be written in the form of equation (55)
by introducing an effective aspect ratio

A = .._.-_...f‘
e
Lk, _C_.z’..’-l
& 2TT
2
== A
%

It follows that a dual-rotating propeller in yaw
acts like a fin of which the area is the projected side
area of the proveller, the effective aspect ratio is



i

approximately two-thirds the side-area aspect ratio, and
the local dynamic pressure 1s f(a) times the free-

stream value, 4 single-rotating propeller may be shown
to &ct similarly, but the effective 2spect ratio is mark-
edly less and 1s not so simply expressed. A mean =ffec-

tive aspect ratio for both single- and dual-rotating
propellers is about 8.

Effective dynamic pressure.- By the definition of
8, the expression V(1 + ~is the axial wind velocity

s
a)

at the propeller dislk. Accordingly, (1 + a)€g 1is the
ron

dynamic pressure at the n eller disk. The pressure
(1 + a)2q 1is only slightly greater than f(a)g, the
effective dynamic pressure of equation (56). Thus the

equivalent fin described in the breceding paragraph may
with small error be regarded as situated in the inflow

at the propeller disk and subject to the corresponding

augmented dynamic nressure.

Comparison of side force of single- and duel-rotating
propellers.- Tt has been pointed out in the d4lscussion
accompanying the derivation of Y, and M, for dual-
rotating oropellers in yaw that the dual-rotating pro-
peller averages 10 percent more side force than the single-
rotating oropeller and that the increase reaches 32 per-
cent at low blade angles. The detailed explanation is
given in the same discussion. In brief, dual rotation
eliminates certain induction effects essociated with single-
rotation; the dual-rotating propeller acts as if it has
a considerably higher aspect ratio and therefore developns
more side force for the same solidity.

Magnitude of pitching moment.- It has been shown
that yew gives rise to zero pitching moment for a dual-
rotating proneller and to a finite pitching moment, given
by equation (LO), for = single-rotating vropeller. The
numerical evaluation of equation (l0) for typical cases
shows that the nitching moment is of the order of the
moment produced by a force equal to the side force, acting
at the end of a lever arm equal to the nropeller radius.
This cross-coupling between pitch and yaw is small, but
possibly not negligible.
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L5
PROPELLERS IN PITCH

The results for propellers in yaw may be applied
to propellers in pitch from considerations of symmetry.
The normal-force derivative of a propeller with respect
to pitech is egual to the side-force derivative of the
same propeller with respect to yaw, and the yawing-~
moment derivative of a propeller with respect to pitch
is equal to the negative of the pitching-moment derivative

of the same propeller with respect to yaw. These re-
lations are invalid when the propeller is in the upwash
or downwash of a wing. {See reference 1%, p. 12.)

COMPARISON WITH EXPERIMENT

Experiments of Bramwell, Relf, and Bryant.- The -
experiments of Bramwell, Relf, and Bryant in 191l with a four-
blade model proneller in yaw (reference 15) &are worth
noting because the experimental arrangement was designed
specifically for the problem. The balsance was arranged
to yaw with the propeller and to measure the side Force
directly with respect to body axes. Tare readings were
inherently small in comparison with the forces being
measured., Tunnel speed was calibrated by comparison of
thrust curves for the same nroneller in the wind tunnel
and on a whirling arm.

A calculated curve of O, '/y, which is the same as

CVay for small values of V¥, is comnared in figure 12
with the experimental values of reference 15. There is
included for further comparison the theoretical curve
calculated by Misztal (reference 9). The curve calcu-
lated from the formula of the present report appears to
give somewhat better agreement than that of Misztal but
the Improvement is not conclusive. The »rincipal objec-
tion to ¥isztal's formula remains the labor of its appli-
cation rather than its defect in accuracy.

Ixoveriments of Lesley, Worley, and Moy.- Tn the ex-
periments of Lesley, Vorlsy, and Yoy reported in 1937
(reference 16), the naceclls was shielded from the
alr stream, with the result that only forces on the
propeller blades were communicatsd to the balances. A




L6

Z-foot, two-blade propeller was used. Measurements were
made of six components of the air forces on the propeller.

Calculated curves of ch/w are compared with the

experimental values of reference 16 for V= 10° in
figure 1%3. Note that the original data of reference 16
were presented therein with respect fo wind axes, and the
data have been converted to the body axes of this report
in the presentation of figure 13.

Experiments of Runckel.- The most complete experi-

menits on yawed2 propellers - the only published experi-
ments on full-scale propellers -sare those of Runckel (ref-
erence 17). Runckel tested single-rotating propellers
of two, three, four, and six blades and a six-blade
dual-rotating nropeller. The diameter was 10 feet. An
attempt was made to correct for the wind forces on the
rather large unshielded nacelle by subtracting the forces
and moments measured with zero yaw from the corresponding
forces and moments measured with yaw at the same value

of ¥V/nD. &

rfalculated curves ofi Q&'AU, including a spinner

fipgure 1l with the falred
ference 17 for 10° yaw. In
ce 16, the original data were
presented with respect tdfrind axes and the curves have
been converted to the Lod¥ axes of this report in the
presentation of figure 1li, In figure 15 the unpublished
experimental points for the single-rotating six-vlade
propeller are presented for comparison with the faired
published curves as converted to body axes.

correction, are compared
experimental curves from
reference 17, as in refe

Accuracy.- From these several comparisons of the
theory with experiment it appears that the average dis-
agreement is slightly less than $10 percent. This
accuracy is of the order of that obtainable by the vortex
theory for the unineclined propeller when the number of

"

“The propellers of reference 17 were actually tested in
pitch rather than in yaw but, inasmuch as pltch becornes
vaw upon a 90° rotation of the axes, this conversion was
made to keep the dlscussion consistent. In this con-
nection, a vertical force due to pitch has herein been
called a side force due to yaw.
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3

blades is tacitly assumed to be infinite by the omlission
of the Goldstein corrcctisn for finlte number of blades,
The same assumnticn is made in the present snalysis,

CCNCLUETONS

The foregoing analysis of propellers in yaw and
propellers subjected tc an angular veloclty of pilten
permits the following conclusions:

1. & p“opol]cr in yaw acts like a fin of which the
area is tne nrojected side area of the propeller, the
effective dShect ratio is of the order of 3, and the
effective dvnamic prescure Ls roughly that at the pro-
peller disk as augmented by the *nf1ow The variation
of the inflew veloncltr, for 8 fixed~-nitch propeller,
accounts For most of uhn varl abﬂon of glilde force w1th

advance-dlamneter ratio.

‘.._1
=
3
"
&}
et
-
D
b
O
3
a

2. A du

al-rotatiing propell up to one
third more gide

force than & single-rotating nropgllbr.

3. A yawed single-rotating proneller experlences a
pitching moument as we11 ag a side force, The nitching
noment is of the order of the moment produced by & force
equal to the side fﬁr ne, acting at the end of a lever

srm equal to the proneller radius. This cross-coupling
between pitch and yaw is small, but possibly notbt negligible,

l.. Propeller forces due to an angular velocity of
pitch or yaw arec negligibly small for the angular ve-
incities that mav be rcalized in maneuvers, with the e:i-
ception of the snin.

Langley Memorial Aeronautical Laworatory,
National Advisorw Comnmlttee for Aeronautics,
Langley Field, Va,
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APPEFDIX A

DERTVATION OF STDEWASH FACTOR X

o
(=%

Tf the asssuumption that the side force ls uniformly
distributed over the propeller disk is ebandoned, it is
necessary to nroceed differently bryoqd eguations (5) in
deriving V.. Tor the purpnose of obtalning an effeztive
average induced sidewash, it 1s mermiscible to ncplect

: _av,
the small term B!' —= in cguation (5), which gives
\Y
- -
‘ (1 + a)° s
6(dr,) = — L ——= uh' 4x (£=1)

0.75r &

An eguivalent differential reletion for the time average
side force, divided by pv292, on an elemsnt of disk
area X 48 dx may be substituted for the summztion of
equation (7)), as

2
° Yo 4y as = ma(ar,) ce
——¥= dx = R&(4Ar ain € he D
c\,I ée C ot <‘H L')
avy |
The fraction —-- has been chown to be gilven by
\Y
a
dV9
— = (- €!') =i (123
- (W - €') £in 8 (1%}
a
where ¢! 1s the local inrnducecd angle o sidewasgh at tue
nropeller disk. Combining equations (4-1), [4-2), and (1%},
using A' = c, . sin f,, and assuming that (1 + a)< is
‘a
constant over the disk glves
~ m
av, °1 o (1 + a)d sin® g /il
- a ff = €') u sin g, dx (.L-/‘
as Ear Vo '
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from which

¢, o (1L + a)° 1
— Q .
Yc = g i wosin B ax
X0
om pl
_ 1 € s‘n2 6 usin B, dx dsg
7 1 ‘.J/ peln s o) v
5 Vx|

An effective average value of €' 1s obtained by defining

o)
= G i RN . fa<l
Y, = — (f - E1) b osin B dx (A-L)
o}
Xy
from which the effective average angle of sldewash 1s

o |

Q
~
=
wn
S

In this apnendix the Induced sidewash angle ¢€!' 1ig
the local wvalue at the disk element X dx df8, not the
average value used in the main text; €7 is composed of
one peart due to the side force e{v and one part due to

the cross-wind component of the thrust €’T. The ef-
fective averages are designsted €f  and ?'T. Then

equations of the form of eguation (£-5) hold betwsen

€1 and « and between ¢€'_ and e!
Y N4 ' 7 T
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The evaluation of ?'V follows: The product

~4

Vaeﬁv gin 6, hereinafter called ve s 1s a velocity
2 ~

comoonent parallel to V6 but not necessarily in the

same sense. In order to evaluate Vé for use in
v
equation (4-5), it is useful to define a guantity f
p2r
such that - X dx 46 1s the time average of the
X dX &6
increment due to yaw of the perinheral forece on ar clerment
of disk srea x dz 4§. Making the simplifying assump-

tion that the nerinherel force on an clement of the DY C-
peller disk affects only the air flowing through that
element and equating the perisheral {orce to the rate of
change of peripheral momsntum which this force nroduces
far bchind the 2roneller leads to the relation

9

\\

éZf ; ' , VEL . Vo, A
X dx df = oV, r dr & 2v, + pV|-—r dr df} [-— 2V,
X éx ée ) Y “\VS S a v Y/

(see derivation of equatisn (12)),0r

2
ol
v C
Sy C Y oxo8
\Y /e N2 [ o2
& _{.9.‘ I_l + .:\1_\’ i
v/ | Ve ) |
I s
v 0%E,
Vo 2z X 06 P
v. T - (A-8)
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whe re

f

c pV2

2
D

<t
"

V(l + =)

a
VS = V{1l + 2a)
An alternative form of equation {4-2) is

2.
a7, = T~ =in € x» dx ¢6

or

H
0]
s
o]
(e}

In equation (4-%

2) the fact that €', whaich devends on
6, 1s small compsred with Y allows the svoroximate

reletion

where k 1s a constent. Tntegration establishes the
value of % as ¥_/w; therefore

&V V. sin
08 v

. = of 2

A% 09 ™
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By equation (4-l),

éYr\ poSin ‘BO
— Y
oy ¢ c 1
e/ﬂ w osin B, dx
0
Therafore
5@;_‘: - 4 8in Bs sin® 6
0¥ 09 ¥ 1 v

c_ _sin 9 o Hosin B4 (2=7)

ﬁ/ posin g, dx
X

Zquations (A-6) and (4-7) establish the value of
Vg, /Va, which can be substituted for GVV sin 8 in
;/ X

equation (A-5) as applied to ?ﬂv in nlace of ¥,

-

This value is

M
v o_ 2 sin @ Vo # sin 34
v, 5 r 1 o 1
B+ a)e 1+ 7 X//) posin B, ax
— o1 O
(1 + da) ",_1 i XQ
Therefore, subctitution in (4-%5) as 2onlied to ?(V glves
21 51 -
e i K ~ 2
. o (i sin B.)
27, f / sinc g 2 Q dx 48
_ Vo Vxg X
€ 1 = 1_ vt 1
p4 2 2 | 1 g
"L+ a)t 1 e 1T

! / 5ny L
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The integration with respect to 6 results in

2
(¢ sin B,) ax
2 .
. Sv, X, x
€'y = - ; (A-8)
N 2 1 1 2
(1 + a) 1+ e . a
(1 + 2a)2 g ¢ sin Bo X
A - s

The part of €' due to V., in equation (12), which
is based on the assumtion of uniform distr
(-'J

ibution of
thrust and side force ovesr the vnromeller disk, differs
from the expression for €', given by equation (A-3)

énly in the absence of the factor

1 2
/ ( sin () dx
. b4 X

= —2 L (89)
Jf 4 sin B, dx
%o
which is cqustion (3L). An analyesis for €' similar
— . i
to that for €'y results in & value that does not

appreciably differ from the part of €' due to T. in
equation (12); that is,

T
| 1+ 22)°

Accordingly, the effective average induced angle of side-
wash @, which eguals e'v + E'T, ie given by
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vhich is equetion (33). If €' is inserted for e
in equation (12), the factor fj(a)/o in eguations (27)
. ' £y (a) C e )
and (25) is repleced by — kl. This is the quantity
)
that hLas been called the sidewash factor kg . with the
value of kl inserted,
1 )
N7 (o sin B4)°
L/ \ b_)) ax
X
X
— 0 o
by, = £;(2) - - (35)
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APPENDIX R

CORRECTION FOR COMPRESSIBILITY

The side-force derivative (' is very nearly
T
proportional to the integrsl

I, =7 % ¢ /
b tay

€]
’_J .
oW
Q
]
—
[N
I
=
g

)

e
[

To a first epproximation the effect ol compressibils
accourted for by renlscin s, by ¢ Lo~ M
: . N

a a
MX is the resultant spead of the blade section et

r,«m.

€3 Ccory

divided by the =spe
the subecript ¢ is
for compressibility

3
- C;)

L mesan effective ¥ach number He defined by the rels
T
S S . (B-2)
1/1 / - .
- /‘] - Tr 2.

-\/~ i e

would also eporoximately setisf

2
<}
i

e (R=%)
v L o=2
¢
Equation (B-%) constitutes thie desired cormrection of
side~force derivative for comdpressibility coffacts.

n
(2

Tf
ected

ths
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The determinetion of

M oroceeds as follows:

e

By equetions (L1), (B-1), and (B-2),

1
JP 4 sin BH4x
1 _Yn.2 A - 12
- 1
A - 12 4
e oein Bydx

For determining the ratio..

accurate to put

2
1 M
—_—— z 1 + Z
“V/l - ?V'[ =
and
2
u_c
1 =1 + —%-
\/1 - M©
although approximation (
final equation (3-3%). The

Me/M it 1s sufficiently

1
/ﬂ M e 4 sin B ax
" @

¢
W 2 _ 0.2
- 1

.2

/)
JO - @ osin gdx

(B-L)

9%}

By reference to figures 1 and 2, if inflow and rotation

are neglected,



sin? s
. Az
= |1y (—— | (3-7)
l |

where
& speed of scund in free stresm
M free-stream Macl: number
- _ ¥
J = —
nh
r
X =~
R

The aprroxirations u = sonstant and p.=4d a
. o b o
likewise adegunate for ths present purpcse; tnerefor

sin g % -—mm—

equations (B-6) and (B-7) give

: /1 +/=] ax

le> Jo.o VETT,
[Te) e
\w/ * Al (3-C)
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Tpoon integration

o [————— et~
V1+X2- &E%L@++K2 L+ 1+ \©
e 0 2+ 0.0l + (r-9)

) A o
1§ 2 log, 1+ + A

Oo(.: + \/O O/_]_ + }\.

whers

>¢'
"
2y

v/nD
v

Fquation (B-Q) provides the cdesired rslation between the
effective Yach number ¥, &nd tre stre ich

for use in eguation \8-27 A greph of Y
M./¥  with V/ﬁD computed from equation (B-G
in figure 9. Hote that, in *
M,/M with decreasing V/ D,
dperation He decreaces.

d propeller

It may be noted that ecusticns (3-l) and (B-t) are

paIEOO]LC anﬂro~1rot nns to the Glauert compressibility

actor //ﬁ - e, Tqustions {B-6) to (3-9) are,
however, 1nﬂcopndcnt of the constents of the parabolic
repressentation. Thus the validity o7 these equations
is not restL icted to the case of 2 variation of ¢
: Z’a
with Mach number» that follows ths Clauert relati n;
the equations sre valid for any varistion that may be
approzimated in the region of interest by a varabola,
such as

o, = (A + 3N ¢
Lo Za
c

where A and 3 are constants.

The compressibility correction ceases to apnly at
Mach numbsrs above the critical Mach number for the
propeller,
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NACA

- __.--Resulfont wind

A e af propeller incl/uding

4~7f U . inflow ond sidewash =Y,
———zAxjal velocity includ

{ L S/Pgintlow, =y +dl;

I

|

~—

_ --—=Side-wind I/E/\O city -
ol cluding sidewash,
Xl (y—€7)
2

[ g —~Component of side wind
] normal fo r =4 (lp=£)
Z sin@=d Vv

Frgure 2.~ lYector relations rFor propellsr in yaw.
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Figs. 3, 4

= Va\
Tcosp=Th (p..-- ~
2
Velccity V¥ outside All air velocities measvred
7he slipstream relative fo propeller hub.
Y

Figure 3 - Vector relotions pertaining +o the
sidewash of a propeller in yaw.

Figure 4.~ Flow /nduced by the sidewrise motron
of an infinite cyl/inder 1n a fluid /'n/'tia//_y at
rest. :
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NACA Figs. 5,8

Frigure S5 - Perspective view of three-ormensional
groph of the essumed incremenital inflow,

Figure 8.— Erfect of spmner on the
component of the flow in the plane of the

crecel/er Jdrsk.
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